In an effective medium description of acoustic metamaterials, the Willis coupling plays the same role as the bianisotropy in electromagnetism. Willis media can be described by a constitutive matrix composed of the classical effective bulk modulus and density and additional cross-coupling terms defining the acoustic bianisotropy. Based on an unifying theoretical model, we unite the properties of acoustic Willis coupling with PT symmetric systems under the same umbrella and show in either case that an exceptional point hosts a remarkably pronounced scattering asymmetry that is accompanied by one-way zero reflection for sound waves. The analytical treatment is backed up by experimental input in asymmetrically side-loaded wavesguides showing how gauge transformations and loss biasing can embrace both Willis materials and non-Hermitian physics to tailor unidirectional reflectionless acoustics, which is appealing for purposeful sound insulation and steering.
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Metamaterials and metasurfaces have emerged as artificial structures that enable one to tailor the wave propagation at will [1] . Whether the field of interest is optics, acoustics, or elasticity, recent efforts have enabled exiting wave phenomena ranging from cloaks of invisibility and unhearability, zero-index behaviour and negative refraction, just to name a few of many counterintuitive effects [2] [3] [4] [5] [6] . Wave-based diodes and rectifiers enabling one-way sound or light propagation have recently also been put on the map of contemporary metamaterial research [7] [8] [9] [10] [11] [12] .
Waves irradiating onto a passive reciprocal medium usually display symmetric transparency in that the transmittance does not depend on the side at which waves are launched. In contrast, if the elementary building units of the medium involved lack intrinsic inversion symmetry, then the reflectance depends on from which side of the slab waves are irradiated. Commonly, for electromagnetic (EM) waves, such asymmetric response are known to occur in bianisotropic media, which are important in applications comprising unidirectional radiation, single-sided light detection and emission [13] [14] [15] [16] [17] .
The intrinsic asymmetry of the involved meta-atoms leads to subwavelength cross-coupling where magnetic states can be excited also by electric fields, and likewise, electric states that can be excited through magnetoelectric coupling. An analogue picture for the case of sound is provided through the cross-coupling between strain and velocity in so-called Willis media [18, 19] . Local and non-local coupling in the form of microstructural asymmetry and finite phase changes across inhomogeneities, respectively, define the very nature of Willis coupling in bianisotropic artificial acoustic or mechanical media [20] [21] [22] [23] [24] [25] . To this extent, Willis media have not only emerged to obtain physically meaningful effective parameters, but also for the design of passive acoustic one-way reflectionless systems with the potential to engineer asymmetric steering of sound and to create mechanical structures that suppress echoes from one side, but act reflective from the other.
Asymmetries related to wave propagation have been made also possible in systems disobeying parity P and time-reversal T symmetry, but that are nevertheless symmetric under simultaneous operation. PT symmetry or non-Hermiticity in optics or acoustics, embraces the introduction of loss and gain constituents in new synthetic material such as metamaterials. In optics, gain is an essential ingredient to overcome metamaterial losses but has found increasing importance in one-way waveguides, single-sided scattering, and enhanced sensing at the exceptional point (EP), which marks the transition between an exact and a broken PT -symmetry phase [26] . Specifically, among the phenomena occurring at the EP, unidirectional reflectionless wave propagation, which is also called anisotropic transmission resonance, originates from a non-Hermitian degeneracy of the scattering matrix [27] [28] [29] [30] [31] . Interestingly, unidirectional zero reflection has also been found in entirely passive non-Hermitian systems without involving gain, thus posing significant ease for experimental realizations [32] [33] [34] [35] [36] [37] [38] [39] [40] .
In this letter we present a theoretical unification framework that merges the properties of the acoustic constitutive relations containing local and nonlocal Willis coupling with a conventional PT symmetric system representation at the EP in asymmetrically side-loaded waveguides. In details, based on experimental data, we map the one-way reflectionless sound propagation in Willis media onto an ideal, that is, a gain and loss balanced PT symmetric system through a gauge transformation comprising a shift in the P arXiv:1807.08730v1 [physics.app-ph] 23 Jul 2018 operation associated with an average loss bias. This unconventional strategy to tailor the asymmetric flow of sound further extends the family of non-Hermitian wave physics to synthesized PT matter.
We begin by considering an effective medium containing Willis coupling, hence, the conservation of momentum in an acoustic waveguide is
and the conservation of mass reads
where P ≡ P/(ρ 0 c 0 ) is the acoustic pressure, ρ 0 is the mass density and c 0 is the speed of sound in the background medium, U ≡ SU is the acoustic volume flow and S is the cross-section of the cylindrical waveguide, χ 1,2 are the Willis coupling parameters, and ρ eff , K eff represent the effective mass density and bulk modulus, respectively. Because of reciprocity, the relation −χ 1 = χ 2 ≡ χ is always satisfied. The constitutive matrix M in one dimension along the z axis with the time convention e −iωt , has the following form
We can find the elements of the constitutive matrix from the scattering coefficients, which can be derived from the transfer matrix method [41, 42] . The acoustic pressure and velocity located before and after the cell of length L can be related via the constitutive matrix M as follows
leading to
where t is the complex and reciprocal transmission coefficient, r L,R are the complex reflection coefficients from left L and right R incidence, respectively, and Z w is the acoustic impedance of the waveguide. In Eq. (3) we can refrain from normalizing the acoustic parameters to obtain an effective constitutive matrix
which has the eigenvalues ζ 1,2 . In order to realize such effective metamaterial system containing an asymmetric subwavelength cell, we fabricated an acoustic waveguide with two side-loaded resonators tuned at two distinct resonance frequencies as depicted in Fig. 1(a) . We take the case of two quarter-wavelength resonators of radius R 1,2 = 5.35 mm having their resonance frequencies at f 1 = 895 Hz and f 2 = 862 Hz, corresponding to the lengths L 1 = 9.141 cm and L 2 = 9.51 cm, respectively and separated by a distance L = 3 cm in the waveguide of radius R w = 1.5 cm. The scattering coefficients are measured in an impedance tube with the four microphone method. The effective parameters, which are derived from the matrix logarithm of Eq. (5), exhibit nonzero Willis coupling as can be seen in Fig. 1(b) . Whereas peculiar features do not appear obvious in ρ eff and K eff , the eigenvalues ζ 1,2 coalesce at approximately 860 Hz as can be seen in Fig. 1(c) 
where a, ∆γ and κ are real numbers. Similarly, M eff can also be mapped onto an entirely real 2×2 matrix that has the form
These two PT -symmetric two-level matrices have an EP occurring when ∆γ = ±κ. At the EP of our system, Re(K
eff ) = −Im(ρ eff ) and χ is complex as can be seen in Fig. 1(b) , hence, at first sight, no form similarity seems to exist between M eff , Υ P T or Υ R . However, the constitutive matrix M eff can be gauged through an unitary transformation [46] 
where U u is the propagator matrix
in which k is the wavenumber and δ is real. The matrix U u is unitary, i.e., U
u , ensuring the eigenvalues of any transformed matrix M G remain invariant. This unitary gauge transformation maps ideal PT symmetric systems such as Υ P T and Υ R of symmetric P operation, that is, z → −z, which is a mirror operation at the center of the cell onto shifted PT symmetric systems accommodating the generalized P operation z → 2δ − z, which is a mirror operation at the position δ from the center of the cell [47] . We begin by gauging the constitutive matrix M eff through the dimensionless factor kδ in order to obtain fully imaginary Willis coupling, Re(χ) = 0, as highlighted with vertical dotted lines in the gray areas in Fig. 2 , which is accompanied by two exact analytical constitutive relationships Re(K −1 eff ) = Re(ρ eff ) and Im(K −1 eff − ρ ef f ) = ±2Im(χ). The resulting gauged constitutive matrix then obtains ±Im(χ) in the off-diagonal terms whereas the real parts of the diagonal terms become Re(K −1 ef f ). Since Υ P T represents an ideal balance of loss and gain, M eff cannot exactly assume the same form. However, in order to accomplish this, we introduce an additional gauge transformation that is biasing the system with an average level of loss γ 0 [32] [33] [34] [35] [36] [37] [38] [39] [40] . In doing this, the ideal PT -symmetric Hamiltonian is mapped onto an effective but passive Hamiltonian that yields a loss-biased constitutive matrix of the following form
where I is the identity matrix and the condition for the EP remains as earlier, ∆γ = ±κ. Apart from the above, we can also choose to gauge the system towards fully real Willis coupling such that Im(χ) = 0. In this case, one can see in 
Thanks to the fact that the signature of PT symmetry breaking continues to exist even when an average loss bias is applied to ideal PT Hamiltonians, the EP embedded in the passive acoustic system will not cease to exist. Hence, our passive system that is described by effective constitutive relations containing the Willis coupling can be mapped onto two different forms of the ideal PT Hamiltonians using an unitary gauge transformation, which conclusively unifies the resulting asymmetry in the acoustic reflections.
In what follows, we show how the EP embedded in the M eff matrix translates into the scattering properties of the sample. The reciprocal scattering matrix that relates the amplitude of the outcoming waves to the amplitude of the incoming waves is here defined as
Its eigenvalues are ξ 1,2 = t ± (r L r R ) 1/2 and its eigenvectors can be written either as (
The coalescence of the eigenstates of this scattering matrix is characterized by either r L = 0 or r R = 0 and r L = r R . In Fig. 1(c) we demonstrated that the eigenvalues ζ 1,2 of the constitutive matrix coalesce at 860 Hz and agrees perfectly well with the spectral location of the EP of the associated scattering matrix as it can be seen in Fig. 3(a) . The coalescence of the scattering eigenvalues at that point yields reflectionless propagation for left incidence r L → 0 = r R as seen in Fig. 3(b) , where experimental data agree very well to theoretical predictions in asymmetrically side-loaded waveguides. We further emphasize that the size of the cell is substantially smaller than the incident wavelength λ, i.e., L < λ/13 and that the unidirectional reflectionless behavior is associated with high levels of absorption within the sample and a consequential low transmittance. For right incidence on the other hand, the wave is mostly reflected with lower level of absorption, denoting a high level of asymmetry in both the absorptions and reflections. Interestingly, the PT conditions for the one-dimensional scattering matrix using the generalized parity operator without considering the loss bias assume now the following form
In summary, we have demonstrated that an EP can appear in the constitutive relations of a passive acoustic Willis media, which can be mapped onto ideal PT Hamiltonians through a gauge transformation and an average loss bias. This EP translates into an unidirectional reflectionless propagation, which is, of primary importance for sound absorption because, if combined with coherent perfect absorption, it results in an unidirectional perfect absorber [48] . Further, our present findings can lead to a deeper insight into the unidirectional invisibility phenomena [27, 29] , altogether showing how the Willis coupling broadens the possibilities of embracing both worlds of acoustic metamaterials and PT symmetry physics at once to achieve unprecedented control of sound and vibrations. 
